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TECHNICAL NOTE 3809

A METHOD FCOR CAICULATION OF FREE-SPACE SOUND PRESSURES
NEAR A PROPELLER IN FLIGHT INCLUDING CONSIDERATIONS
OF THE CHORDWISE BIADE LOADING

By Charles E. Watkins and Barbare J. Durling
SUMMARY

The general expressions of NACA Report 1198 for determining the
sound-pressure field for & rotating propeller in uniform subsonic flight
are reviewed for the case of a propeller with uniform chordwise forces.
Consideration is given to effects of nonuniform chordwise and radisl
blade loasding. Tsbulated values of certaln definite integrals that are
involved in the calculation of a nesr-field propeller nolse regardless
of the form of the chordwise forces are presented. Yhese tsbulations
cover a wide range of operating conditions and are useful for estimating
propeller noise when either the concept of an effective radius or radial
distributions of forces are considered. In order to illustrate their
use, the tabulations are used in conjunction with the concept of an
effective radius to make evaluations for some specific propellers.
Results of these evaluations sre presented and discussed.

INTRODUCTION

In references 1 and 2 the sound-pressure field of an "on-stand"
propeller is eanalyzed by replacing the normael-pressure distributions
agssoclated with thrust and torque over the propeller by distributions
of pressure doublets acting at the propeller disk. In reference 3 the
analyses of references 1 and 2 asre extended to the case of an in-flight
propeller by considering the pressure doublets that represent the thrust
and torque to be subjected to a uniform rectilinear motion.

In references 1 and 3 the equetions for the sound pressure are
derived in exact form, that is, within the realm of linearized potential
theory. For convenlence in calculastion, however, these equations are
ultimately simplified so that they perteln only to the first few harmonics
of & propeller of low solidity. These simplifications involve the assump-
tions that the radial load distribution on & propeller blade csn be con-
sidered as concentrated at some effective radial position and that the
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propeller blade chord is sc small that the chordwise load at sny radial
station can be consldered as having the form of an impulse or Dirac
delte function. Calculatlions in references 1 to 3 ere based on these
assumptions.

The present report begins with the genersal equations that are
derived 1n reference 3 for the sound field of an in~flight propeller
and reviews the specilsalization of these equations to the case of a uni-
form or rectengular~type chordwise loading. It is deduced from results
for this case that, as long as the chordwise loading remasins unchanged
throughout the propeller cycle, certain definlte integrals involved in
the expressions for the sound field are the same regardless of the form
of the chordwise loading. In the case of the "far field,"” or for field
points located at dlstances of several propeller dlameters from the
propeller, the definite Integrals can be evaluated in terms of Bessel
functions of the first kind, but, in the case of the "near field" or for
field polnts located within e distance of two or three propeller dlameters
from the propeller, the integrals must be evalusted by numerical proce-
dures. These numerical evaluations for the near-field case can be made
once and for all, however, so as to apply to any chordwise loading theat
remalins unchanged throughout the propeller cycle. A mein purpose of
this report is therefore to present tebulated values of these definite
integrals for a range of paremeters that correspond to a large range of
operating conditions so that the sound field of a glven propeller can be
falrly repldly estimated.

Other purposes of the report are: (a) to consider the effecte on
the sound field of nonuniform types of chordwise blade loading, (b) to
consider a method of evalusting expressions for the sound field when
raedlal distributions of loadlng are taken into account, and (¢) to pre-
pent and discuss results of some calculations, based on the tabuleaeted
integrals, of the sound pressures for some specific propellers. The
reduction of definite integrals pertaining to the fer-field case to
Bessel functions of the first kind and a Fourier series development of
some simple shapes that are useful for representing nonuniform chordwlse
force distributions are presented in the appendixes.

SYMBOIS
B number of propeller blades -
b(r) width of propeller bledes or blede chord

c velocity of sound

Cn section normal-force coefficient . — -
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D propeller dismeter

F(r 5,6 ,t) chordwise distribution of forces perpendicular to thrust of
propeller blade and glving rise to torque

G1,Gy  functions defined in equations (31) and (32)

o,r,,1,',I," functions defined in equations (13), (15), (18), and (19)

J'n Besgel function of first kind wilth index n
5 = 28°ry
x2 + B2y2 + Bzra

k = a)/ c

M Mach number, V/c

Mg flight Mach number

Mg rotational Mach nmumber

My tip Mach number

m order of harmonic

n propeller rotational speed
P pressure due to thrust

PQ pressure due to torque
Prng root-mean-squere pressure
Q torque

R length (radius) of propeller blades

Re effective (radius) length of propeller blades
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R.P. real part of any expression
r radius to blade element

r,8 poler coordinates in yz-plane
s = Vx2+ p32 4 p2? - 2p2ry cos @
T thrust

t time

£t dummy verieble

v forward veloclty

Ve forwerd f£light velocity

Vi tip velocity

Xs¥s25¥y 221 Cartesiasn coordinates

B=‘J1—M2

50'753 blade angle at 0.75 tip radius

By skt constants

T propeller efficlency

g = m%‘zé

T = 'b/rﬁ

Ty period, 2n/BQ

(13 angular veloecity

» frequency of mth harmonic, mBQ
Subscripts:

J jth element

it left triangle
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r rectangle
rt right triangle
t triangle

v=1, 2, and 3
ANATYSIS

The sound-pressure equetions for chordwise rectanguler losding are
derived end reduced to expressions involving certalin definite integrels
denoted by I, (v=1, 2, and 3). It is deduced that the integrals I,
are cammon to propeller-noise theory; hence, they are evaluated and tab-~
ulsted over useful ranges of certain key parameters. This tabulation
is discussed briefly and then consideration is given to effects of other
types of chordwise loading and to a method of approximeting a radiel inte-
gration involved in the sound-pressure equations.

Sound-Pressure Equetions for Chordwise Rectanguler
Blaede Loading

Although the main purpose of this report is to present tebles of cer-
tain definite integrals that arise 1n expressions for the near sound
field of a propelier, it is desirable, for the sake of completeness and
discussion, to derive the integrals by speclalizing the generel expression
for the sound field to some particular form of chordwise loading. For
this purpose the general equetions derlved in reference 3 are specialized
to the case of rectengular chordwise loeding. More general types of
loeding are discussed In s subsequent section.

Fram equetions (6) to (12) of reference 3, the equations for the
sound pressure Dy assoclated with a thrust distribution Fl(t,r,a) and
the sound pressure pQ assoclated with a torque distribution Fa(t,r,e),

F; end F, being periodic with respect to time, cen be written as (see
fig. 1 for illustration of coordinste system):

R pox
- -1 D etlko
P lm_/; j; Fi(t,r,8) = S5 dr @ (1)
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R
o-1ko

25 13
L F2(t,r,9) T g & s (2)

PQ=Elz?fo

In these equations R 1s radius, r 18 the blade element radius,

t 1 time, © 18 & polar angle in the yz-plane, B = \11 - MgZ,

8= sz + %2 + p°r2 - pPry cos 6, emd o = Mx Z S; k= % = E%ﬂ is a

frequency paremeter iluvolving order of harmonic m, number of blades B,
angular veloclity Q, and velocity of sound c. It is to be noted that
the expressions for pp &nd Pq (eqs. (1) and (2)) haeve been mede

independent of the coordinate =z. This 1is & convenlent simplification
that follows from rotational symmetry when the losding is assumed to
remeln unchenged throughout the propeller cycle.

When the periodic functions F; and F, are known, they can be

expressed in the form of Fourler series that ensbles one to treet each )
harmonic of the associated nolse spectra seperately. When, for sim- v
plicity, the forces acting on the propeller are assumed to be unliformly

digtributed at each redisl station of the propeller blede, that 1s, when _
the chordwise distributions of forces are assumed to be rectangular, the
functions F,(t,r,0) and F,(t,r,0) mey be expressed, first for 6 =0,

as (see ref. 3)

F,(t,r,0)

> (3)

Fy(t,r,0) = (r <t <710)

Fo(t,7,0) =%%°Erde ar (0<t <)

ar b
e (4)
Fo(t,r,0) = 0 o (T <t <Tp)
J
where T is thrust, b is blade chord, Q is torque, T = ;;Q is the

time elapsed for a blade chord with anguler veloclty & +to pass a given
point, and To = %& is8 time elepsed for corresponding parts (for example,

the leading edges) of two consecutive blasdes to pass a given point. B

'
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The expressions for Fq(t,r,0) end Fo(t,r,0) in equations (3)
and (4), respectively, msy be harmonically analyzed to yield '

Zmni 1
T —.Tl——(t-t)
Fy(t,7,0) = = dT 39 ar E f e O at!
m== Y 0

BB, ar
o _ 18O (6~ )
1 r mbB 0r/ 4T
= L - moo = ae
x ZmbB(sin or )e ar °F )
and.
: b
[ imBO{t -
. E T mbB ( 2351') 149
Fa(t,r,O) =% ﬁ(ﬂiﬂ -2—r—>e -IT ar dr ae (6)

- 00

In these expression the zeroeth hermonic, m =0, corresponds to the
instantaneous average thrust and torque over the blede element which does
not glve rise to the rotational-type nolse under consideration and need
not be considered further in the present anslysis. For all other har-
monice the expressions in equations (5) end (6) may be written as

b
© imBsz(t-—)
_ 1 2r mbB 2Qr/ 4T
F,(t,r,0) = = R.P. §= m-—b]—a-(sin 'ir_)e = & as (7
and
b
® imBQ (t -
Fo(t,r,0) = LRE. > Z_(sin ZR)e ( %) 142 gr ge (8)
. m=1 WbB 2r r dr

Although only the resl parts of the summations in equations (7) and (8)
are necessary in the formuletion of the forces, it i1s convenient to deal
with expressions of the forces in complex form throughout the anslysis
and then, for final results, extract only real parts. Expressilons for
F; end F, that pertain to any value of 6§ mey be obtained directly

from the expressions in equations (7) end (8) for & = 0, because the
forces on a second blade element that 1s shifted with respect to the first
by an angle 6 in the rotational direction are the same as the forces on
the first but are retarded by the time e /9.. The corresponding Fourler
developments are therefore real parts of
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= 1 2r mbB Q@ 20r/ 4T
Fy(t,r,8) =3 > 2 (sin = )e & ar ao (9)
m=1
and
1mBQ (£ - & - <2
Fo(t,r,8) = 1 2r_(gin LB}, ( a 2"1') L 49 3y gp (10)
T m=1 mb 2r r dr

It can be seen from this development that, regardless of the form of the
chordwise loeding employed, that is, as long as the loading remains
unchenged throughout the propeller cycle, the varisble 6 will always
enter into the Fourier development of the forces in the same msnner. As
will be discussed subsequently, this relationship leads to a fixed set
of integrals in the expressions for the sound field.

With the use of equations (9) end (10) for Fy(t,r,0) and Fp(t,r,0)

the equations for the sound pressure assocleted with thrust and torque
(egs. (1) and (2)) corresponding to rectangular chordwise loading can be
written for any harmonic different from zero as

~iko

2 mbB 2r

1mBb o '

iwt PR -2

pp = - & f e (sin m_bB>drﬂ e ar f g~ 1mBo
hgo VO 0

(11a)

or

1wt o
=& /: ar (sin @)% e °r EEE-H:L(I‘) + g%{x-né(r) + x'ﬂ'j(r) dr

P
T 2 b 2r
(11v)
and
imB
_ glwt fR 2r (sin me); a9 JBr 4, fe“ o-imBo L 3 e~iko
Pa w2 Jo TBD 2r /T ar 0 r>% 8
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or imBb
pq = imBeiLDt/\R 2r (sin me)LQQle er IIl(r) dr (12b)
h?  Jo mBD or )2 ar
Where
2 _ mBo
M) = [ e_i_(ér"_ki). ®  (v=1,2 ed3) (13
0

In the limit b = O, these expressions for pp and Py are equiv-

alent to those given in equations (21) and (23) of reference 3. This
equivalency mey be eesily verlfied by use of the limiting wvalue of

~imBb
1im I%B;b(sin m%-)e r -1
b—0

The integrals in equations (11) to (13) must, in general, be evalu-
ated by epproximate or numerical procedures. The integrals Hv {(for

v =1, 2, end 3) in equation (13) occur in expressions for propeller
noise regardless of the form of chordwise loading employed, that 1s,
provided the loading remains unchanged throughout the propeller cycle.
These Integrals therefore play an important role in the analytical deter-
mination of propeller noise and are the integrals for which the treatment
and evaluatlons, pertaining to the near field, constitute the main
purpose of this report. In the case of the far field the integrals II,

can, as was done in references 1 end 3, be reduced to Bessel functions

of the first kind. This reduction is, for the sake of campleteness, carried
out in eppendix A in a slightly different and more extended form then

was done in references 1 and 3.

The Integrals II, in Terms of ILumped Parameters mb, K,
and K2 and Equivalent Integrals Iv

The integrels HV are functions of six parameters (x, ¥, T, Mg,

mB, end k). These parameters cen be lumped, however, so that the inte-
grals can be convenlently expressed in terms of related integrals that
are functions of only three parsmeters (mB, Ky, and Ke) This lumping

is accomplished as follows:

g f2:t e-i(mBG+ko’) —-3? fesr e-imB(e+Jx2+;32y2+;32r2-2B2xy cos e)
0 0

> a =e vTE ae
S (x2+B2y2+ ;32r2-252ry cos 9)
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or
:LkMFx . j_kMFx
- == v i
e - () e o - () e P
B7e/  (Kp) B
where

L) =f2:r e—imB(9+K2\Il-K1 co: 9) & =TI, - 1iI," (15)
0 (\[l - Ky cos 9)
2
iy = Bl "3 2 %2% 5 (16)
x° + BZ.YE + [321'2 <%) + 52(%) + 52(§)

\x2 + p3y2 + p2r2
&F @ )
(& 6T &7 an

and MR denotes the Mach number associated with rotational velocity.
The integrals I,' and I," mey be expressed as

25 mB(6 + m
I, =f o8 ( X2 1 cos ) ae (18a)
0

(\’l - Ky cos e)v

I{2=

B

'mml b?

or

T
s cos mB6 cos mB 1L + Ky cos ©
I,' = 2e ”"B"f . KL?V L a8 (18b)
0

(ﬁ + K; cos 9)v
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L =f2ﬁ sin mB(6 + K,|T - K; cos ) de (198)
0 ( - K, cos G)v

or

N cos mBS sin mB \’T + Ky cos 6
I," = pg~1mBr f X2 1 ae (19b)
0

(\T+ K 05 8)"

Expressions for the pressures DPmp and Pq in terms of the lntegrels I,

may be written as

M32 p= E o mBb\ 4T __ugb
- 2r mBb\ 4T "
P B - (sin = )dr e (mEMFIl +
X IDB% " X MR 1 1
P —— + ') +1 T, +
R 5%k, L +g 57K, 3) (mmF 1
xR o, _x M I'>dr (20)
R %%, L -§ 8%k2 3
and
M .
1mB({Qt - MR x
mBMpe B %/ R or mBb\ 1 dg "—E‘ime
A L E=DEge T @ rm)e

Tebles of I,, Corresponding to the Near Field

Since the integrals I, are expressed in terms of lumped param-
eters K; (eq. (16)) and K, (eq. (17)), it 1s necessary to determine

the range of values of these parameters that pertain to the near field
and to the far field. Regardless of the values that x, y, r, and B
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mey have, numerical values of K, will always fall in the range

OSK s1 (22)
but numerical values of Ké fall in the semi-infinite range

0SK Sw (23)

Inasmuch ag the present development 1s inherently restricted to propeller
tip speeds V; that correspond to propeller-tip Mach numbers My less

than gbout unity, the factor e = __%3___ of does not become large
8% 1 -m?

even when M approaches 1. This condlition exlsts because

= =) + =) = + M

w = (2 + (B) - o o @)
thus, when Mp =1, Mg~O0 for M =1l. It therefore follows that
large numerical values of K, sare assoclated only with lerge values of

qxa + Baya and these large values imply large distances from the pro-

peller disk. Furthermore, large distances from the propeller disk imply
smell numerical values of Kj (Kﬁ_<< l). Hence, small values of K;j

end large values of Ko (KQ >> l) epply to the far field and large
values of K; eand small values of Kp pertain to the near fleld. The
specific renges of values of K; and K, considered in the present
report for the near field are 0.4 € Ky £ 0.985 and 0.75SK; S 6.0,

respectively. These ranges correspond to distences less than sbout
2.5 propeller diemeters from the propeller tip. Tables of vealues of
the integrals I, that cover these ranges of K; and K, for & number
of values of the parameter mB are presented in tables I to VII. Evalu-
ations are presented for values of mB of 2, 3, 4, 6, 8, 9, and 12;
values of X3i of 0.4, 0.5, 0.6, 0.7, 0.75, 0.8, 0.85, 0.9, 0.925, 0.95,
and 0.985; end values of K, &t lntervels of 0.25 in the range

0.75 € K, € 6.0.

The evalustions were made with the use of a card-programed electronic
calculator end are presented, as calculated, to eight significant figures.
They can be considered accurate throughout, however, to no more than four
gsignificent figures. In order to maintain this accuracy throughout the
calculations, it was necessary to decrease the 8-increments at which the
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integrands were evalueted Iin making the numerical integrations as the
perameter mB was increased. The specific lncrements employed are for
values of mB of 2, 3, and 4, 29 = 6°; for a value of mB of 6, A6 = 4O;
and for values of mB of 8, 9, and 12, A9 = 3°. With regard to inter-
polation in the tebles, the increments in K; and K, are not small

enough to yield good results by linear interpolation. Reasonsbly good
interpolated resulis can be obtained, however, by graphical procedures
or by a nonlinear scheme such as Aitken's method.

Congideration of Effects of Other Types of Chordwise Loeding

It is recalled that the equations for the sound field of propellers
derived in foregoing sections of thls report sre based on the assumption
of a uniform chordwise loeding. With real propellers, however, the
actual form of the chordwise loading, which is, of course, not uniform,
may be very significant with regard to the generation of rotational noise.
For exemple, & propeller may be loaded, &s in "turn ups", so as to
produce no net thrust, yet it mey produce considereble nolse, mainly of
& higher harmonic content. The fact 1s that negeative forces produce
nolse ag well as positive forces and it is only when the separate forces
are in one direction that the assumption of uniform loading over the
chord. should be expected to yleld realistic values for the calculated
noise. Some examples that bear out this statement and demonstrate
the significance of nonuniform chordwise loading sre presented in the
following peragraphs. .

Examples based on squere-wave type chordwise loading.- Consider
first a propeller to have a constant loeding Fy on the front half-chord

and constant loading -Fg on the rear half-chord of a section of each

blede at some radial station r. That is, let a force acting'on each
blade be defined by

£(t,7,0) = 2 ¥, (o <t < %)
8) = - 2 T
£(t,7,8) = - X F, (T<t< )| (25)
£(t,r,6) = 0 ('r <t <To)
f(‘t+’1‘o,r,9) = £(t,r,8)
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Thig function corresponds to & zero net force and msy be written &s a
Fourler series, with the zeroeth harmonic neglected, as

——- == =le
T

1mB( 2t~ -2
£(t,r,0) = R.P. hi‘o -xi]li’:b (sin2 mB b) ( 75) (26)
T

Next, for the seske of comparison, consider the full-weve rectification
of f(t,r,0). That is,

‘f(t,r,9)| = Z 7 (0 <t <7) |
lf(t,r,9)| =0 (r <t <Tg)¢ (217)

‘f(t + —ro,r,e)l |f(t,r,e)l

The Fourler expansion of this function is found to be, the zeroceth
harmonic being neglected : :

1mB (at-e - .b_)

2F o0
|£(t,x,0)| = R.E. Tomzl m-g—b<sin T%_I-tl)e or. (28)

It may be noted that there is a phase difference of 90°, indicated
by the pure imeginery term in equetion (26), between the harmonics of
£(t,r,8) and If(t,r,e)l. The main thing of interest in the present
discussion, however, 1s the relative values of the emplitude functions

by 2 mBb 2r mBb
= sin e of f£(t,r,0) and = gin o of If(t,r,e)l. These
mBb

functions are shown plotted as a function of oy in figure 2. Exam-

mBb

ination of this figure shows that, for a range of values of o > 121,

the smplitude function for £(t,r,0) is greater than that for |f(t,r,e)|
even though the function £(},r,0) corresponds to no net force.
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Exemples based on measured distributions of normal force.- Under
actual operating conditions the chordwise distribution of force is usually
such that 1t can be closely spproximated with the use of a few simple
shepes such as rectangles and triangles. Furthermore, the Fourier devel-
opuent for such shapes can be mede once and for all in such a way that,
when a chordwise force distribution is known, its Fourier development
can be obtained by simple superposition. In order to illustrate this
point and to demonstrete further the significance of negative loasding
with regerd to sound pressures, two cases of measured distribution of
normal-force coefficlents chosen from reference 4 are plotted in fig-
ure 3 for the operating conditions shown. Bach of the two chosen dis-
tributions is for a blade section &t r = 0.78R; however, one distribu-
tion (fig. 3(a)) corresponds to a small net loading with negative forces
acting over part of the chord, and the other distribution (fig. 3(b))
corresponds to a large net loading wlth no negative forces. The aresa
under each curve is dlvided into rectangles and triangles by the dashed
lines shown in figure 3. (The right trlengle facing to the right is
herein designated right triengle, end the right triangle facing to the
left is hereln designated left trisngle. Theilr elements are designsted
right trianguler end left trianguler, respectively.) The Fourier devel-
opments of arbitrarily placed rectangular- and right and left triangular-
sheped elements of loeding are given in appendix B and have been employed
to obtain the Fourier expansions of the distributions in figure 3. The
amplitudes so obtained are plotted as a function of mB in figure 4
and compared with asmplitude functlons for uniform chordwise loading that
yield the same net values as do the distributions in figure 3 and with
amplitude functions essociated with Dirac delta-type loadings. The
regsults in figure 4(a) are for the case of low net loasding and these
results show that teking into account the negative forces as well as the
positive forces can lead to considersbly higher amplitude of sound in the
higher harmonics. The results in figure 4(b) for the case of no negative
forces show that gbout the same level of noilse is obtelned from the
uniform distribution of forces as from the deteiled distribution of
forces. The smplitude functions for the Dirac delta-type loadings agree,
as would be expected, with those for rectenguler-type loading for lower
velues of mB.

The Integrations in the Radisl Direction

A brief consideration is now given to a method of epproximeting the
integrations with respect to r indicated in equations (11) and (12).
These integrations can be accomplished by & generalization of the con-
cept of effective radius discussed in references 1 to 3. As discussed
in these references, the concept of effective radius is besed on the
consideratlion that all the sound-producing forces acting on the propeller
can be assumed to be concentrsted on en enmnuler ring that roughly coin~
cides with the clrcumference along which the resultant force acts.
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In the present case the assumption of an effective radius r = Rg
glves, from equations (20) and (21),

Mpe R am
Pr 4P "R2Kp (Re) Gy (Fe) J; &= Y
M
L .
- - Ay TG, (Re) (29)
and
IEMR X
A
_ uBMge B R
Pg kPRI (R,) G2<R§) j; Bar
1mB<Qt - Mg %)
- Re = QG,(R (30)
= ugEBERKé(Re) 2( e)
where
ou(5a) = Rl T ey () £ o % (00 sz[KER A
e

(31)



NACA TN 3809 17

Go(Re) = F (III;‘;’O)RZQ E[l"(Re) + iIl'(Re)] B (32)

and Fp ‘{‘%) 1s an smplitude function that depends on the form of the

chordwise blade losding. For uniform or rectanguler-type chordwlise
loeding (see eqs. (20) and (21}),

_imBb
2R o

T me(inzn")

In meny cases, especlally when the polnt at which the sound pressure
is to be calculated is outside and not too nesr the cylinder formed by
the propeller disk and its wake, the total sound pressure is evidently
not sensitive to the details of the radial distribution of forces; thus,
the assumption of sn effective redius serves as a means of approximating
the total sound pressure. See, for example, comparisons of calculated
and measured results in references 1 and 2. For caeses where details of
the radial losding are important, as would be true, for exsmple, at
near-field points inside the cylinder formed by the propeller disk and
its wake, the effective-radius concept can be generalized as follows:

Suppose the distributions of thrust and torque are graphically
represented as indicated in the sketch in figure 5. Divide the areas
under the curve into n parts by dividing the blade length R into
n parts. The parts into which R 1s divided need not be equal but they
should be fairly smell to insure a reasonsbly accurste approximation
to the integrations. ILet Re 3 denote the gbscissa of the center of

area of the jth element of area under the curve. Approximate expressions
for py end 12 (egs. (20) and (21)) may then be written as

oleeg)
- . MR e Gl Re,,j
Pp }-I-J'tQBLLRz “]Z'—’;. Ke(Re,j ATJ (33)
and
m(ﬂt-% %)
= mBMRe P i G2( )J) AQ (3)4_)

= N £ Ko(Fe, 3)
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where Gl(Re,j) and. Gz(Re,J) are defined in equations (31) and (32),
respectively, and '

Tyrl 4T (35)
AT =f &l gr 35
J I‘J dr .
and
i+l a (56)
fa'n) =f =% dr 3
3 r, ar

are the jth elements of area under the radial distributions of thrust
and torque curves.

Root~Mean~-Square Value of Pressure

Before some specific examples are discussed, it is appropriate to
point out that, in applications of propeller nolse theory, one is gen-
erally interested in the magnitude of the root mean square of the total
pressure Dy, for each harmonic of noilse. In order to obtaln this

quantity, it is convenient to treat the propeller forces as camplex
quantities. As mey be noted in equations (20) and (21) or equations (33)
and (34) the pressures pp and Py are of forms

Py = (cos wt + 1 sin.wt)(Al + iAQ) (37)

and.
g = (cos wt + 1 sin.wt)(Bl + iBz) (38)

The form of an expression for the total sound pressure p assoclated
with thrust and torque 1s obtained by addlng these expressions and
retaining only the real parts of the sum. That is,

D = R.P.(pp + Bg) = (A + By)cos wt - (Ay + Bp)sin wt (39)

The root-meen-square value of this expression is
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2n fo 2 1/2
Prmg = %J; [(Al + Bl)cos wt - (A2 + Ba)sin m’gl at
= _;-E_J(Al + Bl)z + (A2 + 132)2 = % |Pp + Pg| (ko)

Thus Prms is obtained by simply multiplying the absolute wvalue of the

canplex sum Py +rpQ by %E.

SOME. APPLTCATIONS TO SPECIFIC PROPELLERS

The propellers chosen for the epplicetions of the tables are three-
and four-blade l6~foot-dismeter propellers with solidity factors ranging
from 0.12 to 0.16. The efficiency, total thrust, and total torque for
such propellers have been determined from charts of references 5 and 6
end sre summaerized in figure 6. The totel thrust for three different
altitudes and the efflclency are presented as functions of flight Mach
number My in figures 6(a) and 6(b), respectively. The total torque

is presented as a function of rotational Mach mumber Mg 1in figure 6(c).

The present examples are based on the assumption of uniform chord-
wise loading and, except for one case, on the concept of an effective
radius (eqs. (295 and (30)) with Rg = 0.8R. When the calculated results

were obtained, the necessery interpolations in the tsbles of I, were
performed by greaphical procedures.

The first results are presented in figure 7 and are intended to
give some Indication as to the differences that might be expected between
calculations based on the concept of an effective radius and calculastions
based on radisl distributions of forces. Shown in the figure sre values
of the root-mean-squere pressure, associsted with the first harmonic of
a four-blede l6-foot-diameter propeller, calculated with the use of equa~
tions (33) and (34) (by using five steps), for radial distributions of -
forces shown in the upper plot and calculated with the use of equa-
tions (29) and (30) for the forces assumed 1o be concentrated on an
anmulus of radius 0.8R. Calculetions by each procedure were mede for
operating conditions indicated in figure 7 at verious values of x in
the range -0.3D S xS 0.3D along a line y = 0.7D (11.2 feet); that
i1s, along a line two-fifths of the propeller radius from the tip and
extending a distance three-fifths of the redius behind to three-fifths of
the radius shead of the plene of rotation. For the conditions considered,
the pressure or sound levels based on dilstributed forces are below those
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based on effective radius or concentrated forces at each point considered.
The significent point is that the shapes of the two curves, considered
as functions of x/D, are sbout the same; this fact indicates that calcu-
lations based on an effective radius can st least be used for studying

trends.

In figure 8 calculated values of the root-mean-gquere pressure
associated with the first hermonic of a four-blede 1l6-foot-dlameter
propeller are plotted as functions of x/D for two altitude conditions,
three values of rotational Mach nmumber Mp, snd a fixed value (0.6) of

flight Mach number MF'

As can be noted in figure 8 for the set of conditions under consid-
eration, the peaks or highest amplitudes of pressure occur behind the
plane of rotation at values of x/D in the range from -0.05 to -0.125.
A somewhat surprising feature of the results 1s the rather sharp rear-
ward trend of the position of peak amplitude ss Mz 1s increased. As

noted in reference 3, the trend of position of pesk amplitude of pressure
with Iincreasing MF is from some resrward position toward the plane of

rotation or Just the opposite of that indicated in figure 7 for increasing
M. The results also indicate a rather sharp attenuation of sound-
pressure level with altitude and with distance awey from the location of
peak amplitude. The epparent attenuation with altitude, however, can

be directly assoclated with the decrease in thrust and torque (see

fig. 6) required for the higher altitude.

In figure 9 the calculated root~-mean-square pressures assoclated
with the first harmonic of a four~blaede, 16-foot-diesmeter propeller for
e point x = =0.15D, y = 11.2 feet (or 0.7D) are shown plotted as a
function of flight Mach number for three altitude condltions and a fixed
rotational Mach number (MR = 0.8). These results show, as do the exam-

ples in reference 3, that, for & fixed altitude, the amplitudes of sound
pressure decrease substantially with flight Mach number for Mach numbers
up to about 0.4 or 0.5 and then increase rapidly with flight Mach number.

Figure 10 shows the effect of flight Mach number on the calculated
roct-meen-square pressures for various values of the parsmeter mB for
two altitude conditions. The calculations are for a point x = O,

y = 11.2 feet (or 0.7D) and for a fixed value of the rotetional Mach
nunber (MR = 0.7). A change in the parsmeter mB mey correspond to

either a change in number of propeller bledes B or a change in har-
monic m. For example, the curves in figure 10 for mB = 8 may be
interpreted as the calculated sound pressure corresponding to either the
first harmonic of an 8-blade propeller, the second harmonic of a 4~blade
propeller, or the fourth hermonic of a 2~blade propeller.



NACA TN 3809 21

All the curves in figure 10 show the falling-off or diminishing
characteristic as the Mach number Mg is increased from zero up to 0.2

or 0.3 end then the rapid increase with Mach number when My exceeds

gbout 0.4 or 0.5. The total amount that the calculated pressures decrease
from the Mp = O condition is about the same percentage (ebout 20) in

each case. It mey be implied therefore that, in the neighborhood of
teke-off conditions, the Mach number effect is ebout the same, percent-
agewise, regardless of the value of mB. The increase with Mach number,
after e Mach number of 0.l or 0.5 has been attained, however, depends
strongly on the value of mB and becomes very lerge as mB increases
beyond 6 or 8. For these large values of mB the present slmplified
theory, especially with the assumption of an effective raedius, could
only serve to indicate the trends roughly. In order to yileld realistic
magnitudes, it is likely that the details of the radial loading and,
perhaps, details of the chordwise loadings would have to be taken into
account.

The effect of distance from the propeller on the sound level along
a line of constant y i1is implied in figures 7 and 8. Figure 11 shows
the corresponding effect along a line of constant x (x = =0.15D). 'The
results shown are the calculated root-mean-square pressures corresponding
to the first harmonic of a four~blade 16-foot-dlameter propeller for
Mp =0 and Mg = 0.7 at sea level plotted es a function of &/D

where d is the distance from the propeller tip. TFigure 11 shows that,
for the conditions considered, the smplitude of pressure drops off very
rapidly as the distance from the propeller tip is increased. This type
of dropoff is typlcal of that expected for other values of the param-
eters Mp, Mg, and mB.

CONCLUDING REMARKS

A main purpose of this report is to present tabulated values of
certain definite integrals that are involved in the calculstion of near-
field propeller noise. These tabulations cover a wide range of operating
conditions and sre useful for estimeting lower harmonic, near-field _
propeller noise when either the concept of an effective radius or radial
distributions of forces are considered.

Consideration is given to the general forms of chordwise and radial
loed distributions and it 1s shown that propellers operating even with
zero net forces can give rise to considereble noise, especially in the



22 NACA TN 3809

higher harmonics. Results of epplications of nolse theory to some
specific 16-foot-dismeter propellers are presented and discussed.

Langley Aeronsutical Leborstory,
National Advisory Committee for Aeronautics,
ILengley Field, Va., June 26, 1956.
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APPENDIX A

EVATUATION OF THE INTEGRALS I,, FOR THE FAR FIELD

As pointed out in the text, the integrals I, corresponding to ‘the
far field or small velues of the parameter Ky (Kl << l) can be

expressed in terms of Bessel functions of the first kind. The purpose
of this eppendix is to reduce the integrals to such expressions.

For this purpose it is convenlent to consider the integral expression
for I, glven in equation (15); that is,

- 0 =Ky co
L) =jc,)gﬂ . 1uiB(-+K, 1=Ky cos B)

B
—— @ =TI, - 1iL,"
( L - Ky cos 6)

The value of the radical {l - K, cos @ sappearing in the exponen-

tial term and in the denominator of the integrand of this expression is 3
for K7 << 1, closely approximsted by

X
Vl-chosezl-?cose (A1)

Correspondingly, the integral I, 1is closely approximsted by

o -mB<G+K2-K]§2 cos e)
I, ~ f — ae
Y Jo

e
X v
( -—lcose)
2

or

imB 2 —imB(S - Ki%e cos 9) VK
Ivze Kaf e 2 (l'l‘—zl

cos 9) as (A2)
0]
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Fram the known integral representation of Bessel functions,

25
f o~1(n8-A\ cos 8)gg - 27187, () (A3)
0

-1(n9 =N\ cos 8 )

o5
cos Be -1 S f e~1(n8=N cos 8)49
M Yo

“xtP* 3, 3 () - Tha1 ()] (ak)

The expression for I, given in equation (A2) mey be written as

-1mBK mBK. K
IV ] ItimBe 2Jm3( > 2) -

i;Kl [&B—l(mBKglKa) - Jm]3+1<mBKglK2ﬂ (a5)

or, by substituting the relations for Kl and K2,

1Ky 2, 052 022
I =~ qi™Be BZ oF kry
v e mB 5]

2 + py2 + por

i very InB-1 oy - TmB+1 =
x2 +p%y2+ p2r2 \Ix2 + poy° + por® \sz +p%yP+ por2

(6)

or, since fr << \}xa + B%rz for large disté.nces from the propeller diék,
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= 1B <(2 cos %W)JEB( x2k?r32y2> )

xgvf-??éyz (sin ;‘_2\,;2 + B%’e) Eﬁ-l(—x-ﬁ%ay‘% - JmBﬂ(ﬁ)il -

oo 3 i)

Sk 2+ 2 +____E'.Y_
x+52y2 B%'[ X+B @IWXID

Thus, for mB even,

I, = Tr(_l)m]s/e{<2 os EkE ,L(_——>2 : 552 mea( xah;yszyz) -

e B e ) i

(48)
and
1" = x(-1)"%/ 2{(2 in ?W)Jm(ﬁ) +
- 52?2,‘?2( :_2 2 + g2 )ETmB l(ﬁ%) - mB+l( . BE‘YEE!
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For mB odd,

mB~-1

I, = n(-1) 2 (2 sin L\ + pAy2 )J _krw;) .
Y 52 B X2 + sgyz

R e = R e

(A10)

and

mB+1
I," = n(-1) E (? cos Kyx° + poy° JmB(—-—EEz;——-) -

% 2 2

=l e ) (]

(A1l)

These spproximations of I, for the far field go a step beyond

that given in reference 3 in that the terms hereln involving Vv as a
factor were not considered in reference 3. It 1s not deemed necessary
to tebulate I, for the far-field case since tabulations of the Bessel

functions J, are so sbundant in the literature.

L
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APPENDIX B

THE FOURIER DEVELOPMENT OF SOME SIMPLE SHAPES USEFUL FOR
REPRESENTING CHORDWISE FORCE DISTRIBUTIONS

FOR PROPELLER BLADES

It is assumed that eny chordwise distribution of force acting on a
propeller-blade section can be satisfactorily represented by superimposing
rectangular~ and trisnguler-shaped elements of force as indicated in
figure 5. This, at least, is a convenient assumption because such elements
can be expanded into Fourier series in such a way as to make the Fourier
development of the force distribution obtainable by slmply adding the
Fourier series representations of the different components into which the
force distribution is divided.

Rectangular Element of Loading

Consider first a rectangular element of periocdic force fr(t,r,e)
that 1s located on same element of chord in a force-time system.

Fr

o

|
1 I
T To T To

t >

If the origin of coordinates is chosen to be the leading edge of the
blede section, £, mey be expressed as follows:

£r(t,r,8) =0 0< t< 7y
fn(t,r,0) = F,. 46 dr TP <t< Ty
> (B1)
f.(t,r,0) =0 To < t < Ty
£ (tt10,r,0) = £r(t,r,0)
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vhere
_ _ b
Ty SWT T ¥ g

T2=“2'f=”2§-b§

<
ul_l and

0%s u2 s 1. Equations (B1) may be expressed as a Fourier series, the

The terms u, and p, are constants such that O s

term corresponding to the zeroeth harmonic being neglected, as

OF ., @8 dr <& ot \ P72 )
£.(t,r,0) = '_r"rg_ E cos —(“c - E_)f cos _'2_:;“ t!' at' +
T

2
sin @Z{(t - %)f sin WX ' gy!
To . T

= Llcos m(‘t -g-)cos m—“('r +'r)sin1-r-1—’1(1' -T )+
7 m TO Q . TO 2 l TO 2 l

sin ?‘i(t - %)sin %_‘1;-(1'2 + Tl)sir_l 111}_:rr(,r2 - Tlil

0 0
2F.. 40 dr <= T+ T '
- 1 2oy .8 1 2 o, .
— ; mE:os ™ ('b ) 5 )sin TO(T2 Tlﬂ
(B2)
This expression may be written in complex form as
2:Lm:r(t ) imy
0 et - ==L T 4T
£(t,r,8) = R.P EI;Zle'ro sin Dher - ¢ eTo(lz)dedr
r\t,xr, e g — & TO(E l)
(B3)

or

imBb
©  imB(Qt-8 -20 (4

£f.(t,r,8) = R.P. P — =

(BY4)
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The total force represented by ff(t,r,e) that acts on & blade section
may be seen from equation (BL) to be

fr('t.vr:e) = Fr(ua - I—'-l)'r ds dr (85)
If this force is to represent some preassigned percentage h, of a totel

force of magnitude F, such as total thrust or total torque, that acts
on the section, then

(1.1.2 - ul)'r = ET— Fr (B6)
or
_ b r
Fr = W = F (BT)

Substituting this expression for F, into equation (BY) gives
imBb
h,F or _imB(Qt-6) wBb - Sor (Motty)
£ ) =R.P. — T 2r_ b,
r(t:r) ) R.P “(“2 — l-’-l) g 55 e sin 57 (l—lz Pl)]e 38 dr
(B8)
Note that in this equation, if i; =0, My = 1, and h.F = gg, the
results given in equation (9) are obtalned. If By =0, uy, =1, and
hF = d_r 99 the results given in equation (10) are obtained.

Left-Trianguler Element of Loading

Consider next a left-triangular element of loading fu;(t,r ,9) on
the chord element T;7, 1n & time-coordinate system (see sketch).
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The equation for this case may be expressed ss

fi4(t,r,8) =0 (0<%t <) ‘
F (t -T )
t 1
£..(t,r,8) = ———_ =2 36 dr T, <t <T
YR AR Ty = T1 ( 1 2) | (39)
th(t,r,S) =0 (1'2 <t <7
£14 (4+7057,8) = £34(t,r,0) J

The Fourler expansion for this function 1s

-
2F, d9 dr = 2

£4(t,r,0) = —%— — _ _S_ cos m(t - %)f (t' - 7,)cos ?m_n: ' At +
To(T2 = T1) “T o Vg 0

T

2ms -8 T 1
sin :fB—(t 9>f (& Tl)sin £' at
1.

F, dr @8 == Th - T
=t E [—-—-——-2 lsinam( -%-72)+
M(Tp = Ty) T no T

o T, + T
mt _ 2oz, _ 8 _ 1 2
;2-1—‘: sin (72 Ty sin o (t ) T)J (B10)

or in complex form
2m“( - 9- _2:’(_mm:'r2
T2~ Ty

F,. dr do ) 5
£, (t,r,0) =R.P. -~ fe . )
Px At iatd “<T - T § | . T
TO ms Tl+T2)
E%in T2 " Tl)jl (B11)
or
F. dr d8 <& 1mB(Qt-8) | ~imBb
f (t;r)e) = R.P. i el 1 _e___‘(__)_ . =20, )
it - El -
imBb
23 in 2P TTor (H2+ul)
- 12
mBb (y - ul)Em 2r (M2 “15‘6 (B12)
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As in the preceding peragraph, if the total force acting on a blade sec-
tion is to represent some preessigned percentage hy of a total force F,

then

My L '
t (p.a - ”1) Bb

and

h, F 0 imB(Qt-0) | -1mBR
flt(t,r,e) = R-P- Z.b 2ire e r lJa had

Ty = B1) “T mBb
1mBb
or mBb - (Meth)
oy - i) sin = (o - ulile dr de (B1k)

This result is easily checked by considering the limit

tm  £,,(t,r,0) (B15)
pr—-}”a

This limit leads, as it should, to the Fourler expansion of the Dirac
delts functlion of strength thF.

Right~Triangular Element of Loading

A right-trianguler element of loading f.t 1in a time-coordinate
system 1s shown in the following sketch:
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The equation for thls element
frt(t,r,e)
fr_b(t,r,e)

fr.t('t,r,e)

£yt (4470, ,8)

NACA TN 3809

of loeding msy be written as

1

=0 - (0<t<m)

_ F.b + -'72)

—-_g—_—"'z""l (Tl<'b<1'2)?
=0 _ (72< t < -r)

= £,..(t,r,8)

)

(B16)

The Fourier expansion of thils equation can be obtalned from equa-
tion (B14) by simply interchanging u, end p,. That is,

_imBb

h,.F 2 Qirem:s(at-e) — M
f t 8) = ~R.P., ~~————————— -
i £,7,8) w(vy - pl)zl: - mBb ©
AmBb
or WBo, T "o (Methy)
me(“g - ”l) Ein _2—1-_(”2 - ulﬂe dr 8@  (BL7)
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NACA TN 3809

Figure 1.- Propeller disk and coordinste systen.
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() ecp =0.029; J =2.55; Mp = 0.8; n = 1,500 rpm; Bo.75R = %5°.

Figure 3.~ Chordwise normasl-force distribution at 0.78R for two sets of
operating conditions (ref. 4). (Numbers indicate rectangles and
triengles used for the analysis.)
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(b) oy = 0.9529; J = 1.009; My = 0.789; n = 2,000 rpm; By oop = 30°.

Figure 3.- Concluded.
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Figure k.- Amplitude functions associated with the normal-force distri-
butions in figure 3 plotted as functions of mB compered with amplitude
functions associated with uniform distributions of normsl force.

. b/r = 0.1715.
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Figure 6.- Efficiency, total thrust, and total torque for various oper-
ating conditions for a 16-foot-diameter propeller.
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Figure 7.- Comparison of sound-pressure cslculations for forces concen-
trated at an effective radius with calculations for forces distributed
along the propeller radius.
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Figure 8.- Distribution of the root-meen-square pressures for the first
hermonic of & four-blade 16-Foot-diemeter propeller at two altitudes
and several tip Mach numbers.
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Figure 9.~ Calculated root-mean-square pressures assoclated with first
harmonic of & four-blade 16-foot-diameter propeller at a point 0.15D
behind the plane of rotation as functions of flight Msch number for
three different altitudes.
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Figure 10.- Calculated root-measn-square pressures for various values of
of mB 1in the plane of rotation for 16-foot-diemeter propellers as
functions of flight Mach number for two different altitudes.
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Figure 10.- Concluded.
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Figure 1l.- Calculated root-mean-square pressure as a function of distance
from propeller +ip along & line 0.15D behind the plane of rotation for
a four-blade 16-foot-diasmeter propeller operating at sea-level conditioms.
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